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1. Some basics

Matrix: table with numbers
A of order (2 x 3) or (8 x 8) or (p x n)
Rectangular matrix (2 x 3)
Square matrix (8 x 8)
e Diagonal matrix
e |dentity matrix

e symmetric or asymmetric matrix
Null matrix

row vectors ofA, number: 2, 8, p
column vectors oA, number: 3, 8, n

A (2 x 3) elemend; ora(i,))
A' transposeof A (3 x 2)

X column vector (nx1) or (n)
X' row vector (1xn)
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Simple operations

A (2 x 3) andB (3 x 2)
A andB' same orders:
A+B' add element wise

A-B' subtract element wise
A+B not possible

Scalar product: c
cA each element times c

vectora' (1x3) first row ofA(2x3)
vectorb (3x1) or (3) first column oB(3x2)

a'b=scalar (1x3)(3x1)»(1x1)
Ab (2x3)(3%x1)—(2%1) or (2) column vector
a'B (1x3)(3%x2)—(1%2) row vector

AB (2%3)(3%2)—(2x2)



Sheets Matrix Algebra 2006

a'(1xp),b(px1)
p
a'b = Zalli XD,
i=1
a (1xp),B(pxk)
p
a‘Ibr - Zalli N blr
i=1

r=1,...k
a'B(1xk)

A(nxp) andB(pxk)
p
AB; = ;aji xh

r

]=1,..,nand=1,..,k
AB (nxk)
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D diagonal (3x3)
A (2x3) andB (3x2)

AD each column j multiplied by d(j,))
DB each row | multiplied by d(i,I)

If D=l
Al=A andIB=B

In general:
A+B=B+A
A-B=-1(B-A)
AB#BA

1.3 Examples
defB p.8

ComputeB’

Def A,B,y,c top p.9
ComputeA+B, A-B, AB, cA, order ofA
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Exercises

123 10
A=|135|B=|24 C:(121j
259 43 233

A+B
B'+C
B-C
X'A
(Ay) '
B'B

3C
AB

OCONOOAWNE
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ANnswers:

1. A+B 7?77?77 Error
2 4 5
B'+C =
, w3 30
3. B-C 7?77 Error
4. xXA = (¢ 17 29
5. (Ay) = (8 11 19)
6. By ?7?? Error
21 20
B =
/. 20 25
3 6 3
C=
8. 6 9 9
17 17
AB =| 27 27
9. 48 47
Home:

1.4 Exercises
Bring the answers
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Chapter 2 Determinant

1.2 Definition

A = (aﬂaﬂj square (2 x 2)
a21a22

determinanA=|A|=a18-a1281

A square (pxp)

minor of g;, determinant oA if row |
and column | deleted

cofactor ¢;j=(-1)" x minor of g

Example
121

A=1221
314

Minor of &g, &, &3
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Cofactors of aj1, asy, ars

1+1] g 2
11_(1) 22‘—(1)1;:-‘ ........

Determinant of A

P
|A =) a, xc, interms of row |
i=1

P
|A =) a, xc, interms of column ]
=1
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Exercise 1, p.12

(12 3)
A=1221

314,
Det (A)=-15 (using row 1)
el det cof  elxcof
a;1=1 A11|:.. +( ) 1x...= ...
=2 A12|:.. -( ) 2X...=...
a13=3 A13|:.. +( ) 3%,..=...

sum -15 p.12

 Compute de®) by usingcolumn 3
e Compute def) by usingrow 2
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(12 3)
2 21
. 314

>
I

Column 3
el det cof elxcof

2 2
3=3 |31 =4 -4 3%(-4)=-12

12

=1 31 =79 +5 1x(+5)=+5
12|

ae3=4 oo~ -2 4%(-2)=-8

sum -15

Row 2

el det cof elxcof
23

81=2 l14=> -5 2x%(-5)=-10
13|

=2 |34 > -5 2x(-5)=-10
12|

=1 |31° ° 45  1x(+5)=+5

sum -15
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2.4 Properties

LIA[=|A]

2 0One row/column 6> |A]=0
3|AB|=|A[|B|

4 A upper or under triangular

AE[]"a

5B formed by interchangintyo
rows/columns oA—|B|=-|A|

6B formed by one row ofA xk
—>|B|:k|A|

/B formed by one r/c oA xk and
adding this to another rie|B|=|A]

8 If two rows/columns oA are
equal-|A|=0

12
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Propl
(02 4)

A=|211
123,
221
A'={012

(413,

Prop3

/12j
A =
32

°<[23

AB

13

Al=2(1)+4(3)=14

A"|=2(2) + 4(3) =14

57
AB =
o

/AB|=45-49=-4
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Prop/
(02 3)
A=|450
203

First row B: rowl+2xrow?2

120) (023 (1+82+103+0)
B={010|x|450|=|4 5 0 |=
\001) (203) (2 O 3
9 12 3)
=14 5 0
2 0 3
Using column 3:
|IB|=3(-10)+3(45-48)=-39

14

J

120 02

B|=|010x/4 50 =1x{3(-10) +3(-3)} = -39
001 |20
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Exercise 2
(1 2 0 4 )

30 2 5
4 2 1 1

012 3,
Compute de®) by using column 1 (why?)

el det cof elxcof

a;1=1 A11|:--- +() 1x.. =........
=3 |[Aoq=... -(...) 3x.. =
ag1=4 A31|:... +() 4%, =........
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Answer exercise 2

A=

025)
211

123
det

25
23
25
11

211
123

det
11

23

2
=3
1;-‘

2014

cof

16
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A, =025
123
el det cof
25
2 237 7 -4
02
4 1217 © -2
el det cof
a;1=1 A11|:5 +5
a1=3 |Avq|=14 -14
ag1=4 A31|:-16 -16
At home:

204

2.3 Exercises
Bring the answers

elxcof
-8
-8
-16
elxcof
1x5 = 5
3%x(-14) =-42
4x(-16) =-64
sum -101

17
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Chapter 3 Inverse

A square matrix
Inv(A)=A " than AA=l and AA =

Linear equations
Ax=b, solvex, thanAAx=x=A"b

Alternative

IAI( )

whereA® = matrix withcofactors
cofactor ¢=(-1)" x minor(i,j)
minor(i,J), det of A if row, column deleted

3.4 Properties of the inverse

1If |[AROthanA™ unique

2(A™H =A

3(AB) =B'A™

4 A nonsingulari.e. |A0, thanA™
nonsingular

5(A)"=(A")
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Chapter 4
Linear (in)dependence of vectors

linear (in)dependence
vectors a,..,a
scalarsky,..,k,

A set of vectorss linear dependentif
kiay,.., kna, =0, andnotall k;=0

A set of vectorss linear independent
If Kia4,.., kna, =0, andall k=0

Ex1Ak =0 k;=0 and k=0 —independent

Ex2 Ak=0 k;=-3k,, Ok,=0, many
solutions— dependent

Ex3 if =0 thana,..,a dependent:
Ak =0 with k;#0 and other <0

Ex4 if a=g; thana,,..,a, dependent:
Ak =0 with ki=-k;#0 and other &0
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Geometry and interpretation in
2-dimensions

Rank of a matrix r@)= size of the
largest nonsingular sub-matrix Af

r(A)< min(#columns, #rows)
A square:
If |[A|=0 « r(A)< #columns or rows

Ex5a=2b depend., als®\|=0 rA)=1 fig;
B|=-14 and 1B)=2 figure
Ex6 JA|=0 singular, A\)=2 |submatrix40

Summary:
Ak =0 g dependents |JA|=0 andnot all ki=0
Ak=0 g independents |A|#0 andall k;=0
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4.3 Consistent set of linear equations

Ax=b inconsistent - no solution foix
andr(A)#r(A|b)
Ax=b consistent- r(A)=r(Alb)

Ex.p27 A(3x3) rA)=2 r(A|b)=3 and
|JA|=0- Iinconsistent. no solutions

A square matrix
Ax=Db consistent- r(A)=r(Alb)
e0One solution- |A[£0; as many
equations as unknowns

*more solutions- |A|=0; less
equations than unknowns

Ex.p28 A(3x3), rA)=r(Alb)=2- consistent
A|=0 - many solutions
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Examples Exercise

1 2 3) M) M)
A=|13 2| b=2| b=2
114 Y 3

(A|by)=(in)consistent?
(A|bo)=(in)consistent?

Sove the equations|[b;)=0 and
(A|b,)=0.

Another way to solve the problem (costs
more time)
* r(A)=7?
CheckA\|, check (2x2) submatr
e r(Alb)="
Check (3x3) submatr (no?); (2x2) submat
e r(Alby)="
Check (3x3) submatrices
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Answer:Ax=Db,
1X1+2X%+3%:=1 rowl-2- -Xo+X3=-1
1X+3X%+2X%:=2 rowl-3- Xo-X3=1
1X+1X+4X3=2 1
Sameaipns
»XX3t+1substitute in 3

X1+5X%3=1

One equation, 2 unknownamany solutions
or

JA|=0 [subn#0 - r(A)=2

(A|by): 3 subm (3x3) all det=0

One (2x2)subm with d&0 - r(Alb,)=2
r(A)=r(Alb)=2- consistent, and

|JA|=0 - many solutions

AnswerAx=Db,:
1X+2X%+3%:=1 rowl-2- -Xo+X3=-1
1X+3X%+2X%:=2 rowl-3-5 Xo-X3z= 2
1X1+1Xo+4X%3=3 1
>~X3=2 & Xo-X3=1

no solutieninconsistent
r(A|b,)=3 as one (3x3)subm &l
r(A) # r(Alb,) —inconsistent. no solution
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4.5Exercises

For next weeki-5

Solve the problems by solving the equations
Use det and rank if more easy.

Remark (not in book!!!)

7/ Null-space solutionx of Ax=0
Always solvable withx=0, thus
r(A)=r(A|0O)

Ax=0 consistent
* |A[£0 a,,..,& Independentone
solution forx, ie x=0: null-space
empty
e |A|=0ay,..,a, dependentmany
solutions forx in the null-space

In general:

more unknowns than equations- many
solutions-— dependent set

one solution: zero- independent set

Try exercize 2 now.
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2. We have to investigate the following set
of equations:

1Y 2\ (-1 [( 6)
3lat| 8 b+l 9|c=| 10| -
2/ 7Y (2] (=2

at+t2b-c=6 (1)
3a+8b+9c =10 (2)
2a-b+2c=-2 (3)

From (1) we get a=-2b+c+6. Plugging
this into the remaining equations we
obtain

b+6c=-4 (2)
5b-4c =14 (3

From (2) we get b=-6¢-4. Plugging this
Into (3) we get c=-1. Solving this in (2)

and (1) we get b=2 and a=1. Thus, the
vector is a linear combination of the .set
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Chapter 5
Eigenvalues and eigenvectors

Theory

AX=AX (pxp)*(px1)=px1

AX-AX= AX-Alx =(A-Al)x=0

A-Al: matrix A minusA from diagonal

e defA-Al)#0

x=0the null-vector trivial solution
e defA-Al)=0

non trivial solutions fox

delfA-Al)=0 characteristic function

A eilgenvalue oA
X elgenvector oA

more solutions fol: A,
moreeigenvectoKx: X;

If AX=AX
than alsoAcx=Acx
standard'x=1
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Example

ey

34 5
A-l =
-2 —4-)

characteristic function:
IA-AL|=(3 A)(-4-M)-5(-2)=A*+A-2=0

A=l S X1:'5/2X2
A=-2  X{=-X
standard x'x=1

(A-Al)x=0

3-A 5 J X 0
2 et
A=1

2X1+5X%=0— X;=-5/2%
-2X1-5%=0— 1dem

A=-2
5X1+5X%=0— X1=-X>
-2X1-2X>,=0— 1dem

27
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5.4 Properties of eigenvectors/values

A symmetric(pxp)

P

1:trace(A) = Zp: a, = > A

=1

2:detA) =144
0ifi#]
1ifi =]

P
3: XX, :Zxkixkj =
k=1

4: collectx; In X (pxp) and\A; in A
(diagonal, pxp)
AX= XA andX'X= XX'=l (thus X*=X")
XA column | multiplied withi
(NOT AX row | multiplied withA;)

5: A= XAX' andX'X=l
6: A’= XA2X' and X'X=I

In general
A= XAKX" andX'X=I
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Ad1l A(pxp)
trace@)=sum diagonal elements Af
trace@)=tr(A)=spoorf)

w(A)=)a,

C(nxp),B (pxn), CB(nxn),BC(p*p)
tr(CB)=tr(BC)

Proof:

CB diagonal elements @B.

CBkk chlhk - tr(CB) chklhk

k=1 i=1

BC thckl _’tr(BC) chklhk qe'd

iI=1 k=1

Eigenvectors and eigenvalues of
symmetricA: X (pxp) andA\(pxp)
tr(A) =tr(A\)

Proof:

AX =XA L AXX T =A = XAX™

tr(A) =tr (XAX™) =tr (AX*X) =tr(A)
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Ad 2
det(A) =1, 4

=177

30

Proof:
AX = XA

|AX = A X E XA
| X |scalar - |A |=|A |

Ad 3

Inner product oX(pxp): X'X
If X are eigenvectors, than

(100......0)
010.....0 .
X' X == condition
. 000......1)
1ifi=
thus x;"X; =1
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Ad 4
A(p*xp)symmetric.

Solvingx'’Ax maximal withx'x=1
gives: Ax=xA andx'x=1 (see appendix)

CollectingA; In A (diagonal) anc
In X (pxp) and

solving X'AX max withX'X=l
givesAX=XA andX'X=|

X andA are the eigenvectors and
eigenvalues oA.
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Ad 5
A(pxp)symmetric anX (pxp)

If AX=XA with X'X=l
thanX 1= X’

Proof:
X'X=] »X'XX1=X'l=1Xx"*
ThusX = X' andXX'=l

Conseguences.
AX=XNA->AXX '=A=XAX"
also

AX=XNA— X'AX=X'XA=A

Ad 6
A=XAX"
AC=AA=XAXIXAX 1=

=X AAX =X AKX

AK=X AKX =X ARX!
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5.5 Singular value decomposition
B(nxp) with n= p:

B=KAL' with K'K=l andL’'L=l

K (nxp), first p left eigenvectors dB
L (pxp), p right eigenvectors db

N\ (pxp) first p singular values oB
N\ diagonal

B'B =LA%L' andBB'=KA’K".

K (nxp), first p eigenvectors dBB’
L (pxp), p eigenvectors oB'B
N*(pxp) (first) p eigenvaluesf B'B, BB’
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Chapter 6
Application in statistics:
MR and PCA

Multiple regression

y (nx1) criterion variable

X (nxm) columns: independent
variables, predictors (first column: 1's)
b (nx1) regression weights

e (nx1) vector of residuals (errors)

y:b1+b2X2+b3X3+e =Xb+e
X =(11%,,%s)
x/=(1,1,.....1)

e=y-Xb ande’e minimal (SSE)
thus

f= ee=(y-Xb)'(y-Xb) minimal

The derivative of f with respect to
must be 0.

f=y'y-2y'Xb+ bX'Xb minimal
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Derivatives with respect to of a'b and
b'’Ab (A symmetric):

oa’b — a2 and ob’'Ab —oAp
ob ob
oy'Xb = X'y
ob
abXXb:ZX’Xb

f= e =yy-2y'Xb+ b'X'Xb minimal

M oy +2X'Xb =0
db

2X'Xb = 2X'y
b=(X'X)X'y
¥ =Xb
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Principal Component Analysis

X data(nxp), p variables (means 0)
y= weighted sum oX: Xb

y=Xb (y unknown) and
optimize f=y'y= b'X'Xb with b'b=1

optimize f*=b'X'Xb+A(b'b-1)
A Lagrange multiplierX+0)

afb =2X'Xb-2Ab =0

ot _ b'b-1=0
A

X'Xb=Ab withb'b=1
b eigenvectors oX'X

A eigenvalues oX'X
and
X'XB=BA with B'B=l|
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If X I1sin deviation from column means
(X'u=0), theny=Xb also in deviation
from mean, ag'u=b’X'u =b'0=0

X'X/n is the covariance matrix of.

If X Is standardizedX'u=0 and
diag(X'X)=nl), thenX'X/nis the
correlation matripof X.

Maximisingb’'X'Xb, iIs maximising the
covariance of thg vectors, or the linear
combination of theX-vectors.

The solution is
X'Xb =Ab withb'b =1,

or
Lyxb=2b withbb=1
N N

Thus eigenvectors and eigenvalues/n of

X'X are characteristics to the covariance
or correlation matrix.
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Appendix
Derivatives of vectors and matrices

1 f=a'x= aXq,..... CaXn

of _
0X 2
/af A
ax,
(a9 )
o | ot ||,
ox | 0%, %
ot \ %3 )
\6x3/
of o0ax
— = —a
oxX  OX

2f=x'Ax  Asymmetric
of  Ox'AXx
OX 0X

=2AX seep4/no?2
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3 optimize

f= x'" Ax with x'x=1

or

f*= X" AX+A(X'X-1)

A Lagrange multiplierX0)

of *
)4

=2AX —2Ax =0 - AX = AX

*
of =x'X-1=0-5 x'x=1

X eigenvectors oA

A eigenvalues oA
and
AX=XAN with X'X=I

Optl mumf= X1 AX1= )\1X1’X1:)\1
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4 x andy vectors
fangle betweerectorx andy

Zi XY _ X'y |
ey exlyy

JYy =lly|Elength y

cosé =

Remark:
If x andy are vectors with mean zero

(u'x=0, u'y=0):
x’y

\/xx\/yy

If x andy are vectors with mean zero
and variance Ix(x/n=1, y'y/n=1) then

cosfd =cor(X,y)

cosé=cor(X,y)=x"y/n.
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Exercise Appendix

1:Maximisef=b'Ab under the condition
thatb'b=1, where

<[5

and solveh. What is the optimum df?
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Matrix Algebra, K. Namboodiri

Ch 1 Introduction
Arrays (matrices)
e Addition
e Subtraction
e VVectors
1 Linear equations
2 Inner products
« Multiplication of vectors and
matrices
e |dentity matrix

Ch 2 Elementary operations and
inverse
* Elementary operations
* Echelon matrices
* Inverse of a square matrix
« Calculation of the inverse
 Inverse and the solution of a system
of equations
e Applications MR and Markov
chains
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Ch2
Elementary row operations
1. Interchange 2 rows
2. multiply a row by a scalar
3. adding a non-zero multiple of one
row to another row

0.28:A, E/A, Es EJA

0.29,30A, EJA, EXA, ESA

0.30: Postmultiplications withchanges
columns

p.31:Echelon matrices

e row 1 to k one or more nonzero elements

e first nonzero element from left to
rightis 1

e first nonzero element of row i to the right

of the first nonzero element of row I-1
e after k-th row — zero rows

exp 32A1:E1A0, etc

Echelon matrix obtained by elementary
row operations

EX P 3381:E1A0, etc
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|nverse

B: inversef):
BA=AB=|
B=A"

How to compute the inverse:

by Echelon matrix and than changing
this matrix intol.

Ex p.37:G, Ey, E;, Es, E4

E4E3E.E G=l, andG = E4E3E.E;

Ch 3 workbook
Linear equations

Ax=b, solvex, thanx=A"b
by elementary row operations

Direct

IAI( %)

A° = matrix withcofactors
cofactor g=(-1)" x minor(i,j)
minor(i,j))=det{A if r;, g deleted}
p.40A andA™
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Example p.40
123
A=]135
259

100) (123) (123
EA=|-110[x|135 |=[012
001) (259 ) (259

100) (123) (123
E,EAA=| 010 [x/012|=|012
-201) (259) |013

1 00) (123) (123
E.E,LEA=| 0 10 |x/{012 |=|012 |=Echelon
0-11) (013 ) (001

0 123 123
-2 |x{012 |={010
1

1
E,E.E,E,A=| 0
0 001) (001

© F O
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(1-20) (123) (103"
E.E.E.EE.EA=010 |x 010 010
0 01)(001) (001
(1 0-3) (103) (100
E.E.E.EEEA=01 0 %010 |=|010
\00 1) (001) (001

E.E,
E.E.E,

E.EsE.E;
E-E.EE,E,
EcEELEEE=A™

100 100 100
E,E,=| 010 |[x|-110 |=|-110
-201 001) (-201

1 00) (100 100
E,E,E, =/ 010 |x/-110 |=|-1 10
0-11) (-201) (-1-11
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10 0Y(100) (100
E,EEE,=|01-2|x-110 |z 1 3-2
00 1) (-1-11) (-1-11

1-20) (100) (-1-6 4
E.E,E,E,E, =010 |x| 13-2|=| 1 3-2
001) (-1-11) (-1-11

1 0-3) (-1-6 4 2-31
E.EELEEE =01 0|x 1 3-2|=| 1 3-2|=A"
001)(-1-11) (-1-1 1

2-3 1 123 100
A7A=| 1 3-2 |x{135|=|010
-1-1 1 259 001
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Regression

y=Xb+e

X=(u|x) with u’'u=n

y=ubg+xb,+e

(Y- ubg-xb1)' (Y- ubg-xb,)=
=yY-Xb)'(y-Xb) minimal

This gives:X'Xb=X"y

R
ux xx, \b X'y

P.43 compute
u'u=n=>5
U'X=2X;=265
X'X=% x;°=14199
u'y=2y;=293
X'y=2 Xiyi=15696
b=( X'X)*X'y

Application input-output analysisex p 48
X=AXx+d

(I-A)x=d

x=(1-A) d
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Exercises chapter 1 and 2 Namboodiri

1 Inverse
1 3 2 2
A=(112 |and b=|0
1-10 2
Ax=Db

« Solve x by computing A™
with A™={1/|A|}(A°)
Cheque AA andAA™
« Compute A'b
« Compute x by solving the equations
« Solve x by means of the Echelon matrix and then Alfrom Eyx...xE;

2 Multiple regression

12
15
14
X =113 and y =
14
13
13

N M O W O ODN

Y=Xb+e

Compute b and Xb .

Compute Y - V.

Compute SST=SStotal, SSE=SSresiduals, SSM=SSregression and the df.
Compute F.
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Ch3 Namboodiri
Simultaneous linear equations

Linear dependence among a set
of vectors

Definition 1

A set of vectors is linearly dependent if
at least one vector can be expressed
as a linear combination of the other
vectors.

Definition 2

A set of vectors, ag,..,a, Is linearly
dependent if there exist scalars Kj,..,K,,
not all zero, such that k;a;+..+ kya, =0

A={a,..,an} and k '=(ky,..,Ky)
Set A linearly dependent - Ak=0
with at least one k#O0.

Set A linearly independent - Ak=0
with all ki=0.
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Ei; matrices with elementary row
operations

E«..E1A Echelon form:

If one or more rows eqgual to zero:

rows of set A linearly dependent.
35

A=| 21
-32
1/300 35) ( 15/3
EA=| 010(x| 21|=| 2 1

001 (-32) (-3 2
10 0 15/3) (1 5/3
E.EA=[-2 1 0 |x| 2 1|=|0-7/3
301)(-32) (0o 7
1 0 0) (1 5/3) (1 5/3
E.E,ELA=|{0-3/70 |x|0 -7/3|=|0 1
0 0 1)\0 7 0 7
10 0) (1 5/3) (1 5/3
E.E.E,ELA=|{0 1 0 ([x/0 1 |=|0 1
0-7 1) (0 7 0 O

Echelon form, Table 4.3 p.52
Row 3 zero—rows linearly dependent
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p.52 columns A’ (in)dependent)?

3 2-
A'k=0= K
51 2

3k1+2k,-3k3=0 (1)
5k1+1k>+2k3=0 (2)
r1-2r2=-7k,-7ks=0 - k3=-ky In (1) or (2)

— k2:-3k1

e.g. ki=1 - k,=-3 ks=-1 satisfies

or Kk;=2 etc.

3 unknowns and 2 equations, many
solutions, thus columns of A’
dependent, there is a linear combination
with nonzero elements.

Book:
E,EzE-EA rOW3:[O O] p53
By making an Echelon matrix of A,

the number of nonzero rows Is the
rank of A

Workbook: One (2x2) submatrix of A
has det#0 - r(A)=2
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p.54

12
Ex1l: A=

Dependent columns?
Det(A)=-1 independent
Echelon: no zero rows, r(A)=2

12
Ex2: A=

Det(A)=0 dependent
Echelon: one zero row, r(A)=1

1234
Ex3: A=
2345

One 2x2 submatrix det#0, r(A)=2
Echelon: no zero rows, r(A)=2

53
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(1 2)
23
45
67,
One 2x2 submatrix has det#0, r(A)=2
Echelon: 2 zero rows of 4, r(A)=2

Ex4: A=

Def p.55

Echelon matrix of A by row (column)
operations: the no. of nonzero rows
(columns) is rank(A).

If A(nxm): r(A) < min(n,m).

A(nxn) square

A full rank « r(A)=n and |A|#0.
If A of full rank, A has an inverse
and A Is called nonsingular
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Simulatneous linear eguations
AX =D,

no solution for x, one solution or
many solutions.

x=A"b if A" exists.

AX=Db
Augmented matrix: (Alb)

S
317
(Alb):(l 13)

r(A) and r(Alb)

If r(A)#r(Alb) inconsistent -
no solution

If r(A)=r(A|b) consistent
» det(A)#0 — one solution
e det(A)=0 - more solutions
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p.58

Full rank case

Echelon matrix multiplied such
that | appears

A'=E,......E;
| ess than full rank case
Table 3.3 p.60
1 3X+1y=7
2 ox+2y=14
(Ab) = 31 7
16214
( (
1olmiry 127
E.(A|b)=| 3 ><6214= 3 3
0 1 6 2 14
( [ A
1o 717
EE (A|b)= . 1>< 3 3|15 3 3
6 2 14/ (0 0 O,

X+(1/3)y=7/3 - many solutions
Also r(Alb)=r(A)=1+det(A)=0
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(1115
p.61,Table3.4: (A|lb)={12-10
23 05 )
Remark: r3=r1+r2 dependence

r2-rl; r3-2rl; r3-r2; r1-2r2
10 3 10)
E,E.E.E,(A|b)=|01-2 -5
(00 0 0
2 eq, 3 unknowns, many solutions

Also: r(A|b)=r(A)=2 consistent,
det|A|=0- many solutions

ThusA-vectors linear combination f
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0.63-64

Solving simultaneous liear equatuions

* N equations and r(A)<n, than there
are n-r(A) redundant equations,
delete them.

 Parameterize n-r(A) unknows, and
rewrite the retained r(A)equations
In r(A) unknowns, and solve by the
method of solving the full rank
case.

P.64 ex [3.17]

(X,y¥,z) unknows, 3 equations, r(A)=2
by Echelon matrix. Delete equation 3,
and parameterize 1 unknown e.g. z=60,
and substitute 0 In the other

equations.
Full rank problem, solution in [3.19].

Add z=0 [3.20]. Thus many solutions.
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Ax=b and |A|=0
x=Gb with G generalized inverse of A

G contains the inverse of the
smallerA , with r(smallerA )=r(A) and
zero row(s) and column(s).

See [3.22] and the lowest row of p.65

P.67 below
SmallerA many possibilities, all
different G, thus many solutions.

Generalized inverse of A: A

Not for examination
General solution to Ax=b

Xx=A b+(I-A A)0O see [3.30]

Definition
A is the generalized inverse of A if
AA A=A holds.
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Homogeneous equations p.70
Ax=0

Xx=0 satisfies always: trivial solution
Echelon form

m linear equations and n unknowns
(variables) and m>n: A(mxn).

If r(A)=n - x=0 the only solution p.71
If r(A)<n - many solutions p.72
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p.74
Eigenvalues and Eigenvectors

Definition detand inversavor kbook

A singular if [A|=0

Ap=pA andp'p=1
A eigenvalue
P eigenvector

(A-AD)p=0. The solutionp=01s trivial,
- (A-Al) singular

- |A-Al|=0 (characteristic equation)
gives values folh. Next (A-Al)p=0
can be solved.

In general
AP=PA andP'P=|
A=PAP™
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PCA

Table 4.1 p.89

W=matrix of Sum of Squares of variables
(in deviation for mean)

|W-AI|=0 solveA [4.27], 2 solutions
(W-Al)c=0 solvec [4.30], 2 solutions

A eigenvalues oW
C eigenvectors oWV

PCA: workbook
Model Y=Xb

X'Xb=bA with b'b=1
defineW=X'X thenWb=DbA

A eigenvalueb eigenvector oK'X or W
In general

X'XB=BA with B'B=1

Model [4.34]Y=XB+E Factor analysis
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P.93
If W symmetric and

WP=PA with P'P=l, thanP'=P*
P'P= PP=I, P orthogonal.
W=PAP'

If W symmetric andV=X'X— all
eigenvalues are positive

63



